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Basic Info

Course length will be 8 weeks: 7 lectures + 1 exam session

The course will be held on Thursday every week except on
Week 4, when it’ll be held on Friday (3rd of June)

Time is 11-13am

A ‘minimal’ bibliography has already been provided in the
course description, but additional items will be discussed while
the course is running

The last session on Week 8 will be the final exam

The language used will be English, unless all attendants’
mother tongue is Italian
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Course Structure

Lecture 1 (12 May). Logicism and Formalism.

Lecture 2 (19 May). Intuitionism, Deductivism and Hilbert’s
Programme.

Lecture 3 (26 May). The Incompleteness Theorems.

Lecture 4 (3 June). The Birth of Set Theory (Cantorian Set
Theory)

Lecture 5 (9 June). The Set-theoretic Axioms. Independence
and Open Problems.

Lecture 6 (16 June). Alternative Conceptions of the Infinite
(Non-Standard Theories).

Lecture 7 (23 June). The Question of Realism

Lecture 8 (30 June). Exam Session.
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Exam Session

Only for doctoral students.

It may consist in: (1) a short presentation or essay on an
assigned topic; (2) a final questionnaire

Options will have to be discussed with the Instructor
beforehand.
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Frege’s Work

Gottlob Frege (1848-1925) was the main proponent of the
conception of mathematics which is known as logicism

The conception was laid out in two fundamental works:
[Frege, 1884] (Die Grundlagen der Arithmetik) and
[Frege, 1903] (Die Grundgesetze der Arithmetik).

Frege’s two main contributions to the foundations and
philosophy of mathematics may be briefly described as follows:

1 The introduction and clarification of the notion of formal
system (for which, see [Frege, 1879])

2 The attempt to reduce relevant parts of mathematics, mostly,
arithmetic, to logic
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Analyticity

Kant had classified propositions into: (1) synthetic/analytic,
and (2) a priori/a posteriori

Critique of Pure Reason: a proposition is analytic iff the
predicate-concept is contained in the subject-concept,
otherwise it is synthetic ; a proposition is a priori iff it is
independent of sensory experience, otherwise it is a posteriori

Kant thought that mathematical propositions were synthetic a
priori

Frege stretches the notion of analytic, which he takes to
mean: ‘derivable from (purely) logical principles/laws’
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Number Ascriptions

The analysis of the concept of number is best carried out in
the context of ‘number ascriptions’

First-level concepts (F ,G ,H, ..): ‘man’, ‘mortal’, ‘tree’,...

Second-level concepts (#F , ...): ‘number(man)’,...

Second-level concepts apply to first-level concepts; the latter
to objects

‘There are three trees in my garden’=‘The number three
applies to the concept: ‘tree in my garden”

Fundamental to number ascriptions is Hume’s Principle:

Hume’s Principle (HP)

The number of F s is equal to the number of G s if and only if F is
equinumerous with G . In symbols:

#x F (x) = #x G (x) ↔ F ≈ G
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Peano’s (and Frege’s) Arithmetic

Second-Order Peano(-Dedekind) Arithmetic (PA2, cf.
[Peano, 1889], [Peano, 1891], [Dedekind, 1888])

1 N(0).

2 N(x) ∧ P(y , x) → N(y).

3 N(x) ∧ (P(x , y) ∧ P(x , y ′)) → y = y ′.

4 N(y) ∧ (P(x , y) ∧ P(x ′, y)) → x = x ′.

5 N(x) → ∃yP(x , y).
6 (Induction).

(∀F )(F (0) ∧ (∀x)(∀y)(((N(x) ∧ F (x) ∧ P(x , y)) → F (y)) →
(∀x)(N(x) → F (x)).

where: N(x)=‘x is a number’, P(x , y)=‘x precedes y ’.

In order to reduce PA2 to logic, Frege needs to show that: ‘N(x)’
and ‘P(x , y)’, ‘0’ are reducible to logic.
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Reduction of PA2 to logic

Now, Frege proceeds to define the above as follows:

0 =df . #{x : x ̸= x}.
P(x , y) =df . (∃F )(∃a)(Fa ∧ x = #u(F (u) ∧ u ̸= a) ∧ y =
#u F (u)).

N(x) =df . (∀F )(F (0) ∧ Her(F ) → F (x)).

where Her(F ) indicates a ‘hereditary concept’, that is, a concept
which is ‘inherited’ under P(x , y):

Her(F ) =df . (∀x)(∀y)(F (x) ∧ P(x , y) → F (y))
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Frege’s Theorem

Now, what is left to show is that:

Frege’s Arithmetic: Second-Order Logic (SOL) plus (HP), which,
allegedly, entail no more than the use of purely logical resources,
are sufficient to derive PA2.

This is accomplished by Frege in:

Frege’s Theorem

(SOL)+(HP) ⊢ PA2.
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The Julius Caesar Problem and the definition of numbers
via classes

One main issue arises with Frege’s definition of numbers within
‘number ascriptions’:

The Julius Caesar Problem

HP does not provide us with a direct definition of numbers. Now,
what if #F (x) = t, where t =Julius Caesar?

Fix: define numbers as equivalence classes of equinumerous
concepts as follows:

[0] = {F : F ≈ #(x ̸= x) ≈ 0}
[1] = {F : F ≈ 0}
[2] = {F : F ≈ 0 ∨ F ≈ 1}
[3] = {F : F ≈ 0 ∨ F ≈ 1∨ ≈ 2}
...
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BLV and Russell’s Paradox

The definition of numbers through equivalence classes led Frege to
reformulate (HP) as follows in his [Frege, 1903]:

(x : F (x)) = (x : G (x)) ↔ (∀x)(Fx ↔ Gx)

This is known as Basic Law V (BLV), and stands out as the central
pillar of Frege’s logicist system in [Frege, 1903]. As shown by
Bertrand Russell while Frege’s Grundgesetze were in print, BLV is
prone to paradox:

Russell’s Paradox

Take (x : F (x)) = {x : x /∈ x}. Then, there exists the class of all
classes which do not belong to themselves, R. Now, does R ∈ R?
If it does, then R /∈ R, if it doesn’t, then R ∈ R, contradiction.

So, Frege’s arithmetic is inconsistent! The discovery of Russell’s
paradox thus marks the end of the logicist programme.
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Two Fixes

Russell’s theory of types (see [Russell, 1906], [Russell, 1908]):
assign a type to each ‘object’: x0, y1,.. and take ‘∈’ to be
defined only for any two concepts x , y such that it is always
the case that x has type greater than y or vice versa (so,
xn ∈ yn+1 is permitted, xn ∈ xn isn’t), so Russell’s paradox
cannot even be formulated.

Neo-logicism (see, [Wright, 1983]): ditch (BLV) and ground
the whole of arithmetic on (HP). Frege’s theorem does not
need more than (HP) to be proved.

Both ‘fixes’ are fraught with troubles. Russell’s theory of types is
cumbersome, and counterintuitive, Wright and Hale’s neo-logicism
does not seem to be able to definitively establish that (HP) is
analytic.
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Types of Formalism

Formalism, broadly speaking, is the view that mathematical
propositions do not have content; the most extreme version has it
that maths is entirely meaningless (= mathematical propositions
are devoid of content).

The position has been advanced by several authors, including
Hilbert (whose distinguished conception we shall discuss in
Lecture 2)

It is noteworthy that what is arguably the best discussion of
the position may be found in Frege’s writings (which aim to
demolish it), in particular Grundgesetze, §§86-137
Four fundamental strands of formalism may be identified:

Game Formalism
Term Formalism
Deductivism
Curry’s Formalism
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Game Formalism

This conception (advanced by, among others, the German
mathematician J. Thomae) equates ‘doing mathematics’ to
‘playing games according to certain rules’

The game played by mathematics would consist in
manipulating certain symbols in such a way as to produce
other symbols

Rules are entirely arbitrary

In some circumstances, symbols might be assigned certain,
definite meanings

‘Generally’, inconsistency should be avoided

The advantage of such a position lies in the fact that it allows
one to entirely avoid metaphysical and epistemological issues
concerning mathematics ([Thomae, 1898])
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Game Formalism: Objections

Frege and other authors have raised a number of objections, some
of which are listed below:

(Persistence of meaning) Mathematical statements
(theorems) do have meaning (e.g., the proposition ‘there are
infinitely many primes’ does not seem to involve
manipulations of symbols)

(Absence of rules) Mathematicians seem to know what they
are talking about when they utter mathematical statements
even when rules are not spelt out

(Applicability) What warrants the applicability of mathematics
to reality, if mathematics is a meaningless game?

(Consistency) While mathematicians might entirely disregard
issues of meaning, they may want to say something about
whether mathematics is consistent: this will take us well
beyond the reach of game formalism
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Game Formalism: Responses to the Objections

A possible response to (Applicability) is along the lines of
[Putnam, 1967]’s idea that one could consider ‘bridge
statements’ which help connect purely arithmetical
statements, such as:

‘there are three dogs’

with purely logical statements such as:

(∃x)(∃y)(∃z)(D(x , y , z) ∧ x ̸= y ∧ z ̸= x ∧ y ̸= z))

A possible response to (Consistency) is that
meta-mathematics (which investigates consistency) is not part
of the mathematical undertaking (‘game’)
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Term Formalism

It is the view that mathematics deals with particular signs
(‘terms’) and their features

Again, it is central to this view that the main goal of
mathematics is to manipulate symbols

The idea is that the meaning of expressions such as:

1 + 1 = 2

is that the symbols on the left-hand side of the identity sign
can be substituted with the symbols lying on the right-hand
side

Term formalism is better suited to answer the objections that
are raised against game formalism, for instance: (Absence of
rules) and (Persistence of meaning), since it commits itself to
the view that some meaning may be attached to
mathematical expressions, after all.
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Term Formalism: Objections and Responses

However, certain other objections arise that supporters of term
formalism will not be able to deal with adequately:

Certain terms, such as ‘(∀n)A(n)’ meaning: ‘all natural
numbers have A’, cannot be replaced with other terms (for
instance, an infinite disjunction), as languages aren’t infinite

If such expressions are rather types than tokens, then they
contain reference to abstracta whose existence term formalists
bluntly deny
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Curry’s Formalism

The last position we shall review is due to Haskell Curry
([Curry, 1954], [Curry, 1958]). Curry’s idea is that mathematics
deals with properties of formal systems.

When a mathematician proves a theorem Ψ, what she is doing, in
fact, is to prove: ‘In the axiomatic system T , Ψ is derivable from
the axioms’.

There are some further criteria that Curry lists as essential to
choosing the appropriate formal system:

1 Consistency

2 Truth of the premises

3 Usefulness of the theory

[Shapiro, 2000] formulates a decisive objection against Curry’s
position: ‘what do mathematicians do when they are not operating
in the context of a formalised piece of mathematics?’ (p. 170).
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Main Sources

For the lecture, I made extensive use of:

[Shapiro, 2000], chapters 4, 5, 6.

[Linnebo, 2017], chapters 2, 3, 9.
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